ABSTRACT
INTRODUCTION
Australia's transition to the use of the Geocentric Datum of Australia (GDA) for surveying and mapping by the 1st January, 2000 will require that existing spatial data are transformed to this new co-ordinate datum (Featherstone, 1994 and 1996; Steed, 1995; Inter-governmental Committee on Surveying and Mapping, 1994; Higgins, 1994; Manning and Harvey, 1994) . Featherstone (1994 and 1996) , among other authors, only presents the seven-parameter conformal transformation model using the Higgins (1987) constants. However, there are several alternative transformation models and parameters currently available for Australia which can also be employed for this purpose. This paper compares four mathematical models and their associated parameters for the transformation of curvilinear co-ordinates from the Australian Geodetic Datum 1984 (AGD84) to the World Geodetic System 1984 (WGS84), which can be assumed compatible with the GDA for many practical purposes. These are:
1. A seven-parameter conformal transformation using the Bursa-Wolf model (Bursa, 1962; Wolf, 1963) , where the transformation is staged via Cartesian co-ordinates and uses the parameters of Higgins (1987) .
2. A five-parameter conformal transformation based on a curvilinear version of the Molodensky-Badekas model (Molodensky et al., 1962; Badekas, 1969) with the Defense Mapping Agency's (1991) parameters.
3. The multiple regression equation approach of the Defense Mapping Agency (1991), which is a spatially varying or projective transformation. (The latter two approaches are designed to operate directly on the curvilinear co-ordinates, and thus provide a conceptually more direct transformation.) 4. A three-parameter transformation model using only the origin shifts of the Higgins and Defense Mapping Agency parameters, which is theoretically inappropriate but provides an interesting comparison.
The merits of conformal transformation models in Australia has previously been discussed by Burford (1985) and Harvey (1986) . Both authors agree that the Molodensky-Badekas model is more suited to the integration of satellite-derived co-ordinates with terrestrial co-ordinates, as is predicted by the theory. Burford also shows that regional seven-parameter approaches are more appropriate than a single national model in Australia, and this is corroborated by Harvey, provided that the differences between parameters are statistically significant. This paper builds upon these findings to some extent, but is more concerned with the practical transformation of terrestrial AGD84 co-ordinates to the WGS84 system and their numerical differences when using published transformation parameters. A series of recommendations is given for the future determination of transformation parameters from the AGD to the GDA, where a projective transformation should be used in preference to a single, national conformal model. When using the latter approach, errors that may exist in the AGD are simply transformed, albeit to a lesser extent, to the GDA, thus neglecting some of the benefits that can be achieved as a by-product of this change of datum.
The geometry of the problem
Although only the transformation of the curvilinear latitude and longitude is required in the case of the GDA, the transformation is often achieved using a three-dimensional approach. Figure 1 shows a cross-section of the geometry of this transformation, where curvilinear co-ordinates of a point on or near the Earth's surface can be expressed with respect to any number of reference surfaces. Therefore, the common [mis]conception that latitude and longitude are unique is not strictly true. Instead, they also depend upon the spheroidal reference surface and co-ordinate datum being utilised. Only by providing this auxiliary information are the latitude and longitude truly unique. 
THE CARTESIAN TRANSFORMATIONS
When taking the Cartesian approach to this co-ordinate transformation, the curvilinear co-ordinates must first be converted to Cartesian co-ordinates centred on the particular reference spheroid which is associated with the initial datum (eg. the Australian National Spheroid, or ANS, in the case of the AGD84). These Cartesian coordinates are then transformed to Cartesian co-ordinates centred on the spheroid associated with the desired datum (eg. the WGS84 or the GDA) using one of many conformal models. Finally, these transformed Cartesian co-ordinates are converted to curvilinear co-ordinates on the new datum and spheroid.
Bowring's algorithm
The forward conversion from curvilinear co-ordinates (φ, λ, h) to Cartesian co-ordinates (X, Y, Z) is relatively straightforward, and is given by
[ ]
where the radius of curvature of the prime vertical (ν) is
and a and e are the semi-major-axis length and first numerical eccentricity, respectively, of the reference spheroid associated with the initial datum (ANS in this case).
For most practical purposes it is not usually necessary to use the spheroidal height (h) in equations (1), (2) and (3) because the forward (and reverse) conversion is only weakly dependent upon height. For instance, the ANS spheroidal heights on land in Australia comprise less than 0.05 percent of the radius of the prime vertical, and thus only affect geographical co-ordinates by nine centimetres at most (Featherstone, 1994) . Therefore, the third dimension will be omitted from these comparisons. This omission is also justified by the fact that the change to the GDA will not affect existing Australian Height Datum elevations.
The reverse transformation from Cartesian to curvilinear co-ordinates is more involved because the direct inversion of equations (1), (2) and (3) requires some iteration for the solution of latitude (Bowring, 1985) .
Closed (non-iterative) solutions to this problem do exist by using quartic equations (eg. Paul, 1973; Borkowski, 1989) , but this discussion is not concerned with the relative merits of closed and iterative formulae, and
Bowring's algorithm will be used for all subsequent computations; this is 
where b and ε are the semi-minor-axis length and the second numerical eccentricity, respectively, of the reference spheroid associated with the new datum, and u is the parametric latitude, given by
The initial estimate of the parametric latitude can either use the AGD84 latitude of the point to be transformed, or
Bowring's equation 
The longitude is given by the simple, closed trigonometric expression
Once the curvilinear co-ordinates have been converted to their Cartesian counterparts using equations (1), (2) and (3), the following three mathematical models can be used to transform these Cartesian co-ordinates between the respective datums.
The Bursa-Wolf transformation model
The Bursa-Wolf (Bursa, 1962; Wolf, 1963) seven-parameter conformal model for transforming threedimensional Cartesian co-ordinates between datums is especially suited to satellite datums on a global scale (Krakiwsky and Thomson, 1974) . This comprises an origin shift from the geocentre in three-dimensional space 
where the subscripts W and A refer to the WGS84 and AGD84 geodetic datums, respectively. The single threeby-three rotation matrix is simplified from three separate rotation matrices by assuming that each axial rotation is differentially small (typically less than five arc seconds for most geodetic networks), thus permitting binomial series expansions of the sine and cosine terms for radian measure. The numerical values of seven parameters required for this Bursa-Wolf transformation model in Australia have been determined by Higgins (1987) , and are summarised in Table 1 Higgins, 1987) The Molodensky-Badekas model
The Molodensky-Badekas model (Molodensky et al., 1962; Badekas, 1969) is also a seven-parameter conformal transformation of three-dimensional Cartesian co-ordinates between datums, but is more suited to the transformation between terrestrial and satellite datums (Krakiwsky and Thomson, 1974) . It is worth pointing out some discrepancies in the exact citation of this approach. Soler (1976, p.2) (Badekas, 1969; Krakiwsky and Thomson, 1974) , who credited Molodensky et al. with a model they never wrote. However, Krakiwsky and Nevertheless, this paper will continue to use the confused citation of Molodensky-Badekas as this has been employed in earlier Australian literature on this subject.
The Molodensky-Badekas model, as given by Krakiwsky and Thomson (1974) , Burford (1985) and Harvey when the same data are used to determine the respective sets of transformation parameters. However, it is not possible to test this here because the Molodensky-Badekas parameters are not currently available in Australia. It is possible to derive them from the Bursa-Wolf parameters, but the co-ordinates of the barycentre would also need to be known, which is not the case (Harvey, 1986) .
The three-parameter model
This model simply applies a three-dimensional origin shift, with little regard for any scale changes or rotations.
Therefore, it is coarse, but also extremely simple to implement. The Cartesian co-ordinates from the initial datum are simply added to the origin shift, then converted to curvilinear co-ordinates on the new datum. In vector form, this reads
where the origin shifts can be taken from the Bursa-Wolf model in equation (11a) or the Molodensky-Badekas model in equation (11b). However, the different correlations between rotations and shifts in each model (Burford, 1985; Harvey, 1986) suggest that the numerical results may differ, and depend upon the original determination of the origin shifts. This will be demonstrated later.
THE CURVILINEAR TRANSFORMATIONS
The following discussion will consider the curvilinear form because the associated parameters are readily available in Defense Mapping Agency (1991). Also, the curvilinear transformations are conceptually more simple as they directly produce a co-ordinate change in degrees instead of converting via Cartesian co-ordinates.
The Standard Molodensky model
This model is applied in curvilinear form by using equations (1), (2), (3) and the Jacobian matrix for two different ellipsoids (cf. Vanicek and Krakiwsky, 1986 p.333) in equation (10), and where the Cartesian origin shifts are embedded in equations (12) and (13). However, the standard Molodensky transformation as used by the Defense Mapping Agency is only a five-parameter version of the complete Molodensky-Badekas model. It simply applies a three-dimensional origin shift from the geocentre (∆X, ∆Y, ∆Z) in conjunction with a scale change provided by the difference in semi-major-axis length (∆a) and flattening (∆f) of the respective reference spheroids.
From Defense Mapping Agency (1991), the standard Molodensky transformation is given in curvilinear form
where the radius of curvature of the meridian (ρ) is 
and the numerical values of a and e refer to the reference spheroid associated with the initial datum.
Equations (12) and (13) may appear daunting at first sight, but are no more complicated to implement than the Bursa-Wolf and Bowring algorithms, especially when they are treated as a five-by-five matrix equation.
Computer subroutines, written in Sun FORTRAN77, for the standard Molodensky, Bursa-Wolf, and threeparameter models and the Bowring algorithms are available from the author.
The transformation parameters and other constants associated with the standard Molodensky model are shown in As predicted by theory, the origin shift parameters used with the standard Molodensky transformation (Table   2 ) are different to the origin shifts used with the Bursa-Wolf transformation (Table 1) because the former refer to the barycentre of the terrestrial geodetic network. Moreover, the origin shift parameters in Table 2 are an artefact of the implementation of the standard Molodensky model by the Defense Mapping Agency, where the axial rotations are assumed to be zero (which is not strictly valid) and are thus absorbed into the origin shift terms, to a certain extent, because of the correlations between them (Burford, 1985; Harvey, 1986; Thomson and Krakiwsky, 1974) .
The Multiple Regression Equations
The multiple regression equation approach to datum transformations (Applebaum, 1982) is both a curvilinear and a projective method. Theoretically, it is superior to the conformal transformation models and their derivatives because it can account for non-linear distortions between the terrestrial and satellite datums. These are usually suspected to reside in the terrestrial datum because satellite-based surveys are often superior to conventional terrestrial surveys, especially at continental scales.
In an ideal situation where no errors exist in either the terrestrial or satellite datum, the conformal models would offer a suitable and accurate approach. However, this is not usually the case, especially at continental scales, and a projective transformation provides a superior option to the linear conformal models (. The primary advantage of this projective method lies in the fact that localised distortions in the AGD can be modelled and accounted for, thus giving superior transformations to WGS84 or the GDA for all applications, whether they be geodetic or cartographic. Therefore, if sufficient points are available with co-ordinates known in both datums (as is the case in Australia), the projective transformation can be determined with some confidence.
The following projective, multiple regression equations given by the Defense Mapping Agency (1991) were determined for mainland Australia from 90 satellite-positioned stations co-located with AGD84 ground points.
As with the conformal transformations, these represent a form of interpolation (Harvey, ibid.) and should not be used outside the area for which they were determined. 
where U and V are the scaled and normalised latitude and longitude, respectively, and are given by
THE NUMERICAL COMPARISONS
In all the following comparisons, the Bursa-Wolf model using the Higgins (1987) parameters is used to provide the control data and the other four transformation models with their associated parameters were simply subtracted from this. This approach is chosen because the Bursa-Wolf/Higgins approach is currently the most commonly used method to transform between AGD84 and WGS84 co-ordinates in Australia. Table 3 summarises these combinations and the abbreviations which will be used in the following part of this paper.
transformation models and parameters compared abbreviation
Bursa-Wolf model (9) 
summary of the transformation models and parameters compared together with their abbreviations.
Geographical grids of the respective co-ordinate differences between the transformed WGS84 curvilinear coordinates were computed at a two-degree interval in the region 112° < λ < 154° and -44° < φ < -8°. These were then converted to distances in metres and azimuths in degrees by using a spherical Earth approximation. It is acknowledged that more exact co-ordinate differences should be computed with respect to the geodesic.
However, the approximate conversion used here is sufficient to illustrate the relative differences between the transformation models and parameters. Figures 2, 3, 4 and 5 show the co-ordinate differences for the approaches listed in Table 3 as contour lines and two-dimensional vectors.
Figure 2. A contour map (a) and vectors (b) of the difference (in metres) between WGS84 co-ordinates derived from AGD84 co-ordinates using the BWH minus MDMA approaches. Mercator projection.

Figure 3. A contour map (a) and vectors (b) of the difference (in metres) between WGS84 co-ordinates derived from AGD84 co-ordinates using the BWH minus TDMA approaches. Mercator projection.
Figure 4. A contour map (a) and vectors (b) of the difference (in metres) between WGS84 co-ordinates derived from AGD84 co-ordinates using the BWH minus TH approaches. Mercator projection.
Figure 5. A contour map (a) and vectors (b) of the difference (in metres) between WGS84 co-ordinates derived from AGD84 co-ordinates using the BWH minus MREDMA approaches. Mercator projection.
Discussion
Firstly, the co-ordinate differences shown in Figures 2 through 5 are theoretically invalid offshore Australia in the regions where the transformation parameters have been extrapolated, and thus should not be used. As such, this discussion will only concentrate on the numerical co-ordinate differences on land.
Firstly, the MDMA approach differs from the BWH approach by between 14mm and 4.2m over continental Australia, and is corroborated by the tests mentioned by Steed (1995) . In Figure 2 , the co-ordinate differences are smallest near the Johnson station, which forms the origin of the ANS and AGD. If it is assumed for the moment that the BWH approach is exact, then this increased difference on moving away from the Johnson origin could be due to two reasons: The MDMA approach does not account for axial rotations, which explains the direction of the vectors in each quadrant about the Johnson station in Figure 2b . Alternatively, errors in the AGD84 accumulate additively on moving further away from the Johnson origin. However, these errors would also affect the BWH approach, albeit in a different way, thus making the former argument more plausible.
A striking observation in Figures 2 and 3 is the extremely close agreement of the co-ordinate differences derived from the MDMA and TDMA approaches. The difference is virtually indistinguishable, and their numerical values differ by only a few millimetres. This observation has the following simple explanation: The only difference between these approaches is in the use of the flattening and semi-major axes of the respective reference spheroids, which are omitted from the three-parameter model. Therefore, the small difference between these results is to be expected because the values of ∆a and ∆f in equations (12) and (13) and equation (11a) are very small, which is indicative of the similar size and shape of the ANS and WGS84 spheroids.
In many other countries, this is not always the case and the effects of the different spheroids can be significant. In Australia however, the co-ordinate transformation from AGD84 to WGS84 using the DMA's origin shift parameters can be performed using the simple three-parameter model with no appreciable loss of accuracy over the standard Molodensky model. The Higgins origin shifts should not be used in the threeparameter model (equation 11b). This is evidenced by the co-ordinate differences shown in Figure 4 , which vary between 17.2m and 19.8m over continental Australia for TH, whereas the differences are between 15mm and 4.2m for the TDMA approach. The TH approach is theoretically incorrect because the origin shifts for the Bursa-Wolf and Molodensky-Badekas models refer to different origin points, as do the axial rotations.
Therefore, the origin shifts are incompatible between the models when used in this way. However, if the threeparameter transformation model is the only option available, the DMA origin shifts should always be used in preference.
In Figure 5 , the differences between the BWH and DMAMRE approaches vary by between 12mm and 2.4m over continental Australia. This difference can reach over 100m offshore Australia, which illustrates the importance of only using projective transformations for interpolation within the area that the transformation parameters were determined. Defense Mapping Agency (1991) state that the multiple regression equations should only be used for mainland Australia. However, based on the comparison in Figure 5 , the DMAMRE approach offers a transformation which is compatible at the sub-10m level with the BWH approach in Tasmania.
As could have been expected, the multiple regression equation approach is more compatible with the BWH approach than any of the others tested.
THE ARGUMENTS IN FAVOUR OF PROJECTIVE TRANSFORMATION PARAMETERS
The differences between the BWH and MREDMA approaches are spatially variant which illustrates the inability of the BWH conformal transformation to model distortions between the AGD84 and WGS84 as determined from satellite surveys conducted in Australia before the mid-1980s. This is also illustrated by the smoother coordinate differences for the conformal models, as is seen by the contours in Figures 2a, 3a and 4a . It is well known that terrestrial geodetic methods are subject to errors which propagate into the co-ordinate datum. These errors are both random and systematic and thus can not accurately modelled by a conformal transformation, especially over the whole continent.
This provides a strong basis for the argument in favour of using spatially varying or projective transformation parameters to transform existing AGD co-ordinate data to the Geocentric Datum of Australia. A projective approach is capable of modelling the differences between the datums and incorporate localised errors in the existing AGD geodetic network in a single operation during the transformation process. After all, as many users and producers of spatial information will probably have to invest the time, effort and incur the expense of changing to this new datum, it should be undertaken as accurately as possible at the time of transition. Moreover, the reliance on a national set of transformation parameters for a conformal transformation is not optimal and localised transformation parameters have already been shown to be superior by Burford (1985) , among others.
Probably the strongest argument for the use of a projective transformation is to eliminate any errors in the AGD as much as possible instead of simply transforming them, albeit to a lesser extent, directly into the new datum.
The obvious question is how to achieve the most suitable projective transformation. There are already a large number of GPS networks, most notably the Australian Fiducial and National networks (Manning and Harvey, 1994) , and their densification networks currently being undertaken by State authorities. The number of GPS networks will inevitably grow before the turn of the century. More importantly, the large proportion of these GPS surveys have been co-located with existing ground points, whose positions are also known in the AGD.
Therefore, there are several hundreds or maybe even thousands of points whose co-ordinates are known in both systems so as to allow localised determinations of the transformation parameters with a large degree of redundancy. Therefore, there is no practical or theoretical restriction on the determination and use of projective transformation parameters to transform from the AGD to the GDA.
A proposed approach
One possible approach for a projective transformation is to determine localised Molodensky-Badekas conformal parameters for a series of sub-networks across the continent in a statistically significant manner using the test proposed by Harvey (1986) . These can then be used within the area for which they were determined. However, when using this approach, there may be abrupt discrepancies at the boundaries of these sub-networks.
Therefore, an interpolative approach is proposed by the author, where each of the seven conformal parameters are interpolated between the networks such that they vary as a function of position. An argument against this approach would be the large amount of computer disk space required to store these parameters.
However, they could be stored as polynomials (cf. the multiple regression equations) or simply placed on a CD-ROM together with interface programs that will automatically transform the AGD co-ordinates to the GDA without the need for the user to be aware of the mathematical models or algorithms being used. After all, many of the individuals and organisations who will have to transform data are not necessarily trained in, or even aware of, the intricacies of co-ordinate geodesy. This discussion has neglected the accuracy of the parameters themselves, and explains these differences through the actual implementation of the models. Of the methods available in Australia, the Bursa-Wolf model with Higgins's parameters has been considered the most accurate to date. Of equal importance is that it is conceptually simple and straightforward to implement, and has served Australia well over the last few years.
However, the projective transformations offer the potential for far more accurate transformations, but this statement can not be verified without a detailed comparison of WGS84 and AGD84 networks, which is beyond the scope of this discussion.
One point of concern is that the Bursa-Wolf model is better suited to the transformation between two satellitederived datums on a global scale. Therefore, the use of this model, although conceptually simple, may not offer the most appropriate choice for Australia, whose datum was established principally by terrestrial measurements.
Instead, the Molodensky-Badekas model is better suited to the transformation between satellite and terrestrial geodetic datums. However, the standard Molodensky model in curvilinear co-ordinates as applied by the Defense Mapping Agency is inappropriate as it neglects rotations between the two geodetic datums, which was evidenced by the vector differences from the Bursa-Wolf model. Therefore, of the conformal models available, the most suitable is the Molodensky-Badekas when the rotation matrix is included, together with the co-ordinates of the barycentre (cf. Harvey, 1986; Burford, 1985) .
In addition to the conformal transformation models described herein, there are alternative methods which are also suited to the transformation of co-ordinates between satellite and terrestrial geodetic datums. Such conformal models have been proposed by several authors:
• Veis (1960) suggests a model similar to that of Molodensky-Badekas ad Bursa-Wolf where the rotations are applied about a different origin point.
• Hotine (1969) suggests dividing the rotations so as to also account for differences in azimuth, zenith and scale due to distortions in the terrestrial geodetic datum.
• Krakiwsky and Thomson (1974) suggest that the transformation can be determined in two separate stages.
Firstly, the origin shift and rotations are determined close to the geodetic origin point, then the remainder of the geodetic network is used to determine further changes in scale and thee-dimensional rotation.
• Wolfrum (1992) proposes a ten parameter model based on an affine transformation where three parameters are used, in addition to those of the Bursa-Wolf or Molodensky-Badekas models, to model distortions in the terrestrial datum by an ellipse.
Therefore, if a conformal model is to be used to transform to the Geocentric Datum of Australia, the most suitable approach should be chosen from all the models currently available and which can deal with distortions in the terrestrial geodetic datum to a certain extent. Despite the existence of these conformal transformation models, there is certainly scope for the estimation of spatially varying or projective transformation parameters because of the large number of GPS stations that are now co-located with AGD ground points throughout Australia.
A projective approach can effectively remedy many of the errors in the existing geodetic datum in a single procedure during the transformation process, instead of simply and blindly transforming any errors in the original datum (not necessarily with equal magnitude) to the new datum, as is the case with a conformal transformation. Therefore, it is strongly recommended that projective models and parameters be given serious consideration for transformation to the Geocentric Datum of Australia.
One compromise is to produce both national conformal and projective transformation models and parameters, which can be chosen according to the user's accuracy requirements. However, careful documentation of the method used is essential, especially if it is likely that these data are to be merged in the future after undergoing different transformations that may disagree by several metres.
To conclude, national conformal models, as used at present, are unable to accurately account for most of the errors existing between satellite and terrestrial geodetic datums. Therefore, a projective transformation is recommended instead, such as the multiple regression equation or interpolation of Molodensky-Badekas parameters between sub-networks. Such projective methods will transform the AGD co-ordinates according to the change in datum, whilst accounting for any errors existing in the AGD which have been identified by the more precise GPS surveys. Most importantly, a projective transformation will allow a more direct and rigorous transformation for those States that still use AGD66, instead of the involved process of staging co-ordinates via the AGD84 (usually using a two-dimensional conformal transformation).
